In this paper, we address nonlinear control and reduction of high-order underactuated mechanical systems with kinetic symmetry and input coupling. In some aerospace v e hides, the effects of the control of the attitude dynamics appears in the translational dynamics. We present a general framework for decoupling of these effects. The decoupling is done by applying a change of coordinates in explicit form that transforms the original system into a cascade nonlinear system. We obtain three types of cascade normal forms, namely, nonlinear systems in strict feedback form, strict feedforward form, and nontriangular quadratic form. For a class of underactuated systems that are differentially flat, we obtain the flat outputs automatically as a by-product of the decoupling change of coordinates.
Introduction
Control design and analysis for underactuated mechanical systems is currently an active field of research. The importance of underactuated systems is due to their broad applications in Robotics (e.g. mobile robots, flexible-link robots, snake-type robots, walking robots), Aerospace systems (e.g. aircraft, spacecraft, helicopters, and satellites), and Marine vehicles (e.g. surface vessels and underwater vehicles). In addition, restriction of the control authority in underactuated systems offers challenging control problems from theoretical point of view (see [7, 10] for recent surveys). This paper is part I11 of a series of articles that aim to address reduction and nonlinear control of broad classes of high-order underactuated systems. In [7] , it is shown that nnderactuated systems can be essentially classified to eight main classes that overall cover the majority of the aforementioned real-life applications. In part 111, we focus on control of a class of underactuated systems with input coupling referred to as Class-IV systems. In section 2, we precisely define this class of underactuated systems.
The main contribution of part I11 of this paper is providing change of coordinates in closed-form that transform high-order underactuated systems with input coupling into cascade systems. There are three different types of normal forms that are obtained; namely, strict feedback form, strict feed-forward form, and nontriangular quadratic form. The nonlinear systems in strict feedback form can be effectively stabilized using backstepping procedure [3, 61. Also, systems in feedforward forms can he stabilized using Teel's nested saturations [12] , and feedforwarding methods due to Mazenc and Praly [5] . However, stabilization of nonlinear systems in nontriangular form is in general an open problem. In important special cases, this has been addressed in [7, 81. The outline of the paper is as follows. In section 2, we provide some background on dynamics and symmetry properties of underactuated systems. In section 3, we state our main reduction and stabilization results. In section 4, we present the VTOL aircraft as an example. Finally, we make concluding remarks.
Underactuated Systems with Symmetry
In this paper, we consider the class of simple Lagrangian systems with configuration vector q = col(q,,qs) E Q5xQS, configuration space Q = QZ x QB of dimension n, and Lagrangian
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where K is the kinetic energy, V(q) is the potential energy, and M ( q ) = M ( q s ) is the inertia matriz. We say the system has kinetic symmetry w.r. 
iii) F'(q) is a full rank matrix.
Due to conditions ii) and iii), we say the system possesses input coupling property w.r.t. the control input T .
Remark 1. This input coupling effect is particularly important in aerospace applications because such a coupling naturally exists in an accurate model of an aircraft or a helicopter (with both 6 DOF and 3 DOF).
We make the following further simplifying assumptions:
Assumption 2. Assume F ( q ) = F(q,), the force matrix does not depend on the external variables .
Under Assumptions 1 and 2, the Lagrangian equations of motion in (2) can he written as
where h,, h, contain the Coriolis, centrifugal, and gravity terms. The dynamics of (3) can be partially linearize using applying the following global change of control = F;1(qs)(m3s(!?s)u + h s ( q , d ) (4) that reduces the dynamics of the shape variables to q. = U .
We find the following quadratic forms convenient for representation of the normal forms of underactuated systems with input coupling. Remark 2. For the definitions of reduction and integrability of momentum terms, please refer t o parts I and I1 of this paper.
Main Results
We begin with reduction of the general case of non-flat underactuated mechanical systems with kinetic symmetry and input coupling. By a non-flat mechanical system, we mean that the inertia matrix is not constant (this should not be mistaken with the notion of "differential flatness", though they are closely related). Here is our first main result that leads to a nontriangular normal form: 
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The following result provides classes of uuderactuated systems in Theorem 1 that can be globally transformed into nonlinear systems in feedforward form. This makes it possible to apply the existing feedforwarding results t o control of underactuated systems.
Theorem 2. Assume all the conditions in Theorem 1 hold. I n addition, suppose
Proof. See pages 77-79 in [7] .
i) m, = mzr is constant. .r (14) where qs = (~l , y l )~, qs = 0, mZ5 = Lz, 
22) V ( g )
Conclusion
We addressed nonlinear control and reduction of high-order underactuated mechanical systems with kinet,ic symmetry and input coupling. This is particularly important in stabilization/tracking problems for aerospace vehicles where the effects of the control of the attitude dynamics appears in the translational dynamics. We presented a method for obtaining a decoupling change of coordinates that transforms the dynamics of the original underactuated system into nonlinear systems in strict feedback form, strict feedforward form, and nontriangular quadratic form. This allows application of the existing nonlinear control design methods known as backstepping/feedforwarding techniques to control of high-order underactuated systems. For a special class of underactuated systems that are differentially flat, the flat outputs are obtained automatically as a byproduct of the decoupling change of coordinates.
